Abstract. -We investigate how small scale metric fluctuations on a 2-D interface influence large scale lateral diffusion. We find that the effect of these fluctuations can be cumulative and grow exponentially with time; we also estimate the typical time after which the predictions of a model that ignores the small scale fluctuations substantially differ from the predictions of a more realistic model, which takes those fluctuations into account.
Introduction. -Robert Brown first described in 1828 [1, 2] the random motion that now carries his name. However, a proper physical understanding of the phenomenon remained elusive till 1905, when Einstein wrote his now famous seminal article [3] on Brownian motion. This article is considered today as marking the birth of modern stochastic process theory, which is now a full grown branch of Mathematics with applications ranging from Physics and Chemistry to Biology and Economics [4] [5] [6] [7] . As far as Physics is concerned, what originated with the observation of 3-D diffusions of pollen grains immersed in water has thus become a comprehensive tool with which to model all sorts of diffusions, from random motions in relativistic 4-D space-times [8] to lateral diffusions on 2-D interfaces [6, [9] [10] [11] [12] . In practice, the geometry of a real, physical 2-D interface is not known with infinite precision, but is typically accessible to observations on sufficiently large temporal and spatial scales only. Standard diffusion models take into account the observable, large scale aspects of the interface geometry, but fail to consider the small scale fluctuations of the real geometry [12, 13] . This approximation is warranted if these fluctuations do not influence diffusions on large scales. This is however far from trivially true and the problem does not seem to have been addressed in the literature yet. The aim of the present Letter is to provide a first investigation of this issue, focusing on Brownian motions. We start by developing the tools necessary to extract the large scale aspects of Brownian motions defined on surfaces with geometries fluctuating at small scales. We then apply these tools to study Brownian motions on nearly flat interfaces. Our main conclusion is that the large scale aspects of Brownian motions are influenced by small scale fluctuations in the geometry and that these fluctuations therefore cannot be neglected if one wants to construct realistic models of diffusions on 2-D interfaces.
Technical statement of the problem. -To study lateral diffusions on a 2-D interface Σ, one ususally starts by modeling Σ by a smooth surface S and diffusions on the interface are then conveniently modeled by diffusion processes on S. A smooth surface S is best defined as the couple formed by a so-called base manifold B and a Riemanian metric g defined on B.
The choice of S = (B, g) susceptible of being used in modeling experimental results pertaining to diffusion phenomena on a given Σ is however generally not unique. Suppose for the sake of simplicity that we fix the base manifold B and introduce a coordinate system x = (x 1 , x 2 ) on it. In practice, the geometry of the interface Σ cannot be probed at all scales, but only at scales greater than a certain scale L in the x coordinates; it follows that any two metrics g 0 and g 0 + δg differing by a term δg which only varies at scales smaller than L can be used to construct two different but a priori equally valid models of the interface Σ. The same remark also applies if the characteristic time scales fixing the time dependence of δg are not accessible to observation.
Let S 0 = (B, g 0 ), S 0 + δS = (B, g 0 + δg) and let us focus on the simplest processes that can be defined on these surfaces, i.e. Brownian motions. Using these processes as models of lateral diffusions on Σ only makes sense if a Brownian motion on S 0 cannot be distinguished from a Brownian motion on S 0 + δS on scales larger than L. This last assertion is however far from trivial and we do not know of any published article on the topic. As stated in the Introduction, the aim of this Letter is to propose a first investigation of this open problem.
Diffusion Model. -There is a standard way to define Brownian motion on a manifold B endowed with a time-independent Riemanian metric g [6, 14] ; the probability density n(t, x) associated with the process satisfies:
where χ is the diffusion coefficient, ∂ i stands for ∂/∂x i , i = 1, 2, and g ij (resp. g ij ) denote the contravariant (resp. covariant) components of the metric g in the coordinate system x = (x 1 , x 2 ). Equation (1) ensures that n is normalized to unity at all time with respect to the standard surface element detg ij d 2 x associated with g. Suppose for simplicity purposes that B can be mapped by a single coordinate system x with (x 1 , x 2 ) ∈ P ⊂ R 2 . The normalization of n then reads:
If g is time-dependent, equation (1) violates (2) and then cannot be used as transport equation. The simplest generalization of (1) which does not violate (2) is:
This equation will be retained as diffusion model for the remainder of the Letter. It is convenient for later purposes to introduce the density N (t, x) of the process with respect to the g-independent Lebesgue measure d 2 x:
which obeys the equation:
The normalization condition on N reads:
Choice of geometry. -Nearly flat metrics and their polarizations. As far as geometry is concerned, the simplest possible scenario corresponds to situations where S is nearly flat at all times and positions. We thus choose B = R 2 and consider metrics of the form g ij (t, x) = η ij + εh ij (t, x), where h ij (t, x) is a time-and space-dependent pertubation of the flat metric η ij = diag(1, 1), and ε 1 fixes the amplitude of this perturbation. A general perturbation h ij (t, x) is the linear superposition of three different polarizations. The first polarization is defined by h 11 = h 22 and h 12 = h 21 = 0, the second one by h 11 = −h 22 and h 12 = h 21 = 0, and the third one by h 11 = h 22 = 0 and h 12 = h 21 . A detailed study shows that the influences of these three different polarizations on diffusion processes are qualitatively similar. This Letter will therefore present results pertaining to the first polarization only.
Form of the metric perturbation around the plane. Let h(t, x) = h 11 (t, x) = h 22 (t, x). Computations are greatly simplified if this function is chosen as a simple linear superposition of eigenvectors of the linear operator ∂ t and ∆ appearing in the unperturbed diffusion equation ∂ t n = χ∆n on the plane. We therefore choose h(t, x) = nn A nn cos (K n .x + Ω n t + φ nn ), without further specifying (n, n ) at this stage. In particular, we allow both indices to have a discrete as well as a continuous range, the preceding sum being then understood as an integral.
We impose that all wave numbers | K n | are superior to a certain K * and that all frequencies Ω n are superior to a certain Ω * . This makes it possible to define unambiguously the large spatial scales as those associated to a wave number much smaller than K * and the large temporal scales as those associated to a characteristic time scale much smaller than Ω * .
How to compare Brownian motions in nearly flat 2-D metrics with Brownian motions on the plane. -The large scale behavior of a field defined on B = R 2 can be isolated by averaging this field over the small space and time scales. Let us focus on the metric g. Averaging g can be done in two, strictly equivalent ways. The first one consists in fixing the phases φ nn and in averaging g over t and x. The other method consists in fixing t and x and in averaging g over all possible values of the unobservables phases φ nn . This method is more computationally convenient and can be implemented in a completely clear manner by replacing the single, 'real' metric g by a statistical ensemble of metric g(ω) defined on B. We thus introduce a real parameter ω ∈ [0, 2π[ and define a statistical ensemble of metrics g(ω) by:
for all values of t, x and ω( 1 ), the phases φ nn being now considered as fixed real numbers. Averages over ω will be designated by angular brackets. One thus has, for example, g(t, x) =< g(t, x, ω) >= η, so that the average metricḡ is simply the flat metric η.
We now proceed by assimilating all small scale averagings to statistical averagings over ω. In particular, pick an initial density N i (x) on R 2 and denote by N (t, x, ω) the density
( 1 )Note that ensembles of metrics have also been used in the larger context of curved space-time physics to average general relativistic gravitational fields over scales not accessible to observations [15] [16] [17] generated from N i at time t by the Brownian motion on S ω = (R 2 , g(ω)). The large scale aspects of diffusion will be described by the large scale behaviour ofN (t, x) =< N (t, x, ω) >. The effective transport equation obeyed byN will be derived in the next section at second order in ε and compared on large scales to the standard diffusion equation on the plane.
Effective equation describing the large scale diffusion. -According to (5), the density N (t, x, ω) generated from an arbitrary initial density N i (x) by the Brownian motion on S ω = (R 2 , g(ω)) verifies the transport equation:
Since equation (10) is linear, N (t, x, ω) can be obtained by convoluting the initial density profile N i (x) with the Green function G(t, x, ω) of (10) . All information about the diffusion is thus contained in G and we search for an expression of this function as a power series in the amplitude ε of the perturbation around the flat metric:
One can expand equation (10) itself into powers of ε and insert the Ansatz (11) into the result. By collecting the terms in ε p , p ≥ 0, one obtains a hierarchy of equations:
where the source term S p is a functional of the metric perturbation h and of the G q 's, q < p. The explicit expressions of the first three source terms are
One finds that all S p 's are, like S 1 and S 2 , divergences; equation p of the hierachy therefore conserves the integral of G p over R 2 . One can thus add to the Ansatz (11) the following normalization conditions:
and, for all p 1,
These conditions are standard for this kind of expansion [18] [19] [20] and are imposed for all values of t and x. Observe finally that the initial density δ(x) corresponding to G(t, x, ω) contains no contributions in powers of ε superior or equal to 1. Thus, G p (0, x, ω) = δ(x) δ p0 for all ω. The zeroth order contribution G 0 obeys the usual diffusion equation, is normalized to unity and verifies the initial condition G 0 (0, x) = δ(x). This contribution is therefore identical to the Green function of the usual diffusion equation:
Subsequent equations in the hierarchy are best solved or discussed in Fourier space. We define spatial Fourier transforms by:
and find:Ŝ
where
The averages ofŜ 1 andĜ 1 over ω vanish identically. On the other hand,
where ψ nn pp (t) = (Ω p − Ω n )t + (φ pp − φ nn ) and Q np = K n − K p . This non vanishing averaged source term modifies the large scale diffusion at second order in ε. Let k) ; the equation obeyed by the averaged Fourier transform <N > (t, k) of the density N (t, x, ω) corresponding to an arbitrary initial condition thus reads, at second order in ε:
The function F (t, k) itself reads, at second order in (k/K * ) and k/(Ω * /χ) 1/2 :
Discussion. -Equation (26) proves that Brownian motions in the nearly flat metric (7) differ, even on large scales, from Brownian motions on the plane. The difference is however of second order in ε only and, from this point of view, the common assumption that small scale fluctuations of the geometry do not really affect the large scale features of diffusions seems to be actually validated by our result. Things are however not that simple. Expliciting f nn andf nn in the right-hand side of (27) shows that the modulus of the bracketed term depends on time through four real exponentials, two of which are strictly decreasing functions of t; the other two are exp −χt Q 2 np ± 2k · Q np . Fix k and suppose the metric perturbation contains modes K n and K p such that | Q np |∼| k |; also suppose, to simplify the discussion, that the angle between k and Q np vanishes. One of the exponentials then behaves approximately like exp −3k 2 χt and the other one like exp +k 2 χt ; the first exponential tends towards zero with time, but the other one tends towards infinity. The perturbative calculations presented in this Letter thus lose their physical significance at scale k when ε 2 F (t, k) becomes of order unity i.e. after a typical time τ (k, ε) defined by ε 2 F (τ (k, ε), k) ∼ 1. Assuming that at least one A pp A nn is of order unity and that Ω n does not exceed χK p 2 , one finds τ (k, ε) ∼ −2(ln ε)/(χk 2 ). For t comparable to or larger than τ (k, ε), the Brownian motion in the nearly flat metric is completely different at scale k from the standard Brownian motion on the plane.
Conclusion. -We have investigated how small scale fluctuations in the metric of a 2-D interface can influence the large scale aspects of diffusions on this interface. We have used Brownian motion as diffusion model and have restricted all computations to nearly flat metrics. We have proved that small scale fluctuations can have a cumulative effect on diffusions at large scale and render any model which neglects the small scale metric fluctations completely inadequate after a time τ (k, ε) which depends on both the large scale wave vector k and the amplitude of the perturbation ε. For situations investigated in this Letter, τ typically scales as | ln ε | /k 2 . Further developments of the work we have presented should include numerical investigations of how large scale diffusion is affected by small scale metric fluctuations which lie outside of the perturbative regime, i.e. fluctuations whose amplitude is comparable to the amplitude of the average metric of the interface. Another extension would be to investigate the effects generated by a change of base manifold.
